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.Chapter One: Laboratory Introduction , Rules and Error Analysis TC  "Chapter One Laboratory Introduction, Rules, and Error Analysis" \l 1 
K. Jewett and S. Sontum

Introduction TC  "Introduction" \l 1 

Chemistry deals with the concepts underlying the behavior of chemical substances.  Like other branches of science, it contains a body of theory that has stood the empirical test of experiment and is continually revised by new experiments.  The scientific method is the same as the empirical method illuminated by Shakespeare in his play Macbeth.  Macbeth tests the thing he is thinking about:

"Is this a Dagger, which I see before me,

The Handle toward my Hand? Come, let me clutch thee:

I haue thee not, and yet I see thee still.

Art thou not fatall Vision, sensible

To feeling, as to sight: or art thou but

A Dagger of the Minde, a false Creation?"


Is it a true dagger or a false creation of the mind?  A concept, whether it be in art or in science, is true or false by an empirical test of its behavior.  Macbeth is using the empirical method: the thing is to be tested by its behavior
.  The test of a dagger, the test of a concept, the test of a scientific theory, is “Does it work.”  A true dagger can be tested by showing it will cut things.  A true scientific concept can be tested by showing that it predicts the outcome of experiment.


This semester you will be asked to experimentally test many chemical concepts.  The experiments in this manual are a mix of traditional student labs, where you verify principles you have been introduced to in lecture, and discovery labs, where you formulate new chemical concepts before you are exposed to them in lecture.  In this way both the process and the content of chemistry will be covered in your laboratory experience.  

Chemistry experiments come in two basic flavors, synthetic and analytical. Synthetic chemistry experiments ask you to construct molecules.  Chemistry is unique among the physical sciences in that we construct the objects we study.  Creating new materials like nylon is one of the important endeavors of chemistry.  Equally important is the analytical measurement of the amounts and properties of chemicals.  For example, the current debate about whether to lower the safe level of Arsenic in drinking water from 50 parts-per-billion (pbb) to 5 pbb, will require analytical measurements and a basic knowledge of the biochemical properties of Arsenic.  Most of the laboratory experiments this semester are analytical by nature rather than synthetic.  Analytical experiments determine the composition, amount, and physical nature of chemical materials by doing quantitative measurements.  Most analytical chemistry experiments consists of the following six steps

1. Definition:
define the analytical problem to solve

2. Sampling:
obtain a representative sample

3. Method:
choosing an appropriate analytical method

4. Separation:
separate a substance into its individual parts for analysis

5. Quantitation:
perform a quantitative measurement

6. Evaluation:
evaluate the accuracy, reliability, and generality of the results.

The experimental write-ups for each experiment are intended to guide you through each of these steps.

Laboratory Safety Rules TC  "Laboratory Safety Rules" \l 1 
A major part of learning to be a chemist is learning how to safely use, handle and dispose of chemicals.  Manufactures of chemicals provide by law two important information sources for the safe use of their chemicals.  Manufacturer Safety Data Sheets (MSDS) that contain detailed hazard and disposal information and NFPA chemical hazard label on each chemical that summaries hazard information. The label consists of four colored diamonds with numbers or symbols summarizing the level of hazard.

	Label
	Hazard Type
	White symbols
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The above figure depicts the safety equipment in our CH103 laboratory.  You should familiarize yourself with the position and use of this safety equipment.  Also you should learn the following rules, which are designed for your safety in the laboratory. Your work in this laboratory will be safe only if you follow these rules without exception.  Violations of these rules are grounds for expulsion from the laboratory.


Safety considerations: You must always do

Always 
wear your safety glasses in the laboratory. 
Always
wear shoes in a laboratory building.
Always
know the hazards associated with the experiment before you begin. 
Always
know where the showers, eyewashes, fire extinguishers, 

and first aid kits are in the laboratory.  
Always
aim test tube and flask openings away from yourself and others while they 

are being heated. 
Always
clean up mercury spills with tin foil, sulfur powder or zinc. 
Always
lubricate glass tubing and use towels to protect you hand when  pushing or 

pulling tubing through stoppers. 
Always
fire polish all glass tubing ends. 
Always
extinguish Bunsen burners that are not being used. 
Always 
dispose of wastes into properly labeled waste containers. 
Always
use hoods for irritating, poisonous and corrosive fumes. 
Always
add acid to water or to a base, never the opposite. 


Safety considerations: You must never do

Never
bring tobacco, gum, food or beverages into the laboratory. 
Never
eat, drink or smoke in the laboratory.
Never
taste chemicals. 
Never
remove chemicals from the laboratory. 
Never
use mouth suction to fill pipets.  Always use a bulb to fill pipets. 
Never
wear highly flammable clothing in the laboratory such as fluffy sweaters. 
Never
attempt unauthorized experiments. 
Never
use a flame in a laboratory around solvent fumes. 
Never
put anything back into a reagent bottle. 
Never
work alone in the laboratory.


Emergency Procedures

Accidents:
In case of an accident in the laboratory, notify your laboratory instructor immediately and have someone accompany injured persons to the infirmary.  All accidents must be reported to the laboratory instructor.  

Acid/Bases:
The best treatment for acid or base in your eyes or on your skin is immediate washing with copious amounts of water.  Eye washes, sinks and showers are provided for this purpose. 

Emergency:
In case of an emergency call extension 5911 for Campus Security.

Preparation for an Experiment TC  "Preparation for an Experiment" \l 1 

The experiments in this manual have been written with the assumption that a pair of students will work together as a team.  Most science is done by teams of scientists.  The recently completed human genome project is a good example, literally thousands of scientists worked collectively on this project.  Teamwork is advantageous, it provides an opportunity for valuable discussion of the experiment and it allows for the completion of more difficult and long experiments.


Before you arrive in the laboratory to perform a given experiment it is essential that the experiment be studied carefully, with special emphasis on the method, the equipment design, and the procedure.  Often it will be necessary to make changes in a given procedure.  Planning such changes or even successfully carrying out the experiment as described requires a clear understanding of the experimental method.  The laboratory will run much smoother and safer if everyone comes prepared.

Documentation - Your Laboratory Notebook Write-ups TC  "Documentation - Your Laboratory Notebook Write-ups" \l 1 

It is standard practice in experimental research to record everything relevant to an experiment in ink directly into a bound notebook with dated and numbered pages.  The laboratory notebook is the primary reference documenting what occurred in the laboratory.  All observations - qualitative and quantitative - should be entered directly into your notebook.  In particular, do not use odd scraps of paper to record your data on with the intention of copying them neatly into your notebook.  Beauty is not a requirement for a proper notebook, but the clear recording of original data, observations and procedure is.  


In an industrial setting or advance chemistry laboratory you would be given a blank bound laboratory notebook and you would be responsible for the organization and style of the notebook.  Many scientists prefer to use a double entry format where primary experimental data and observations is clearly separated from personal conclusions and analysis.  Instead of a blank notebook we have provided you with write-up pages formatted to insure that all data is recorded and to give you a feel for how to organize a laboratory notebook.  A typical laboratory notebook for a given experiment would be ordered in the following way:

•1 Title:
A concise and descriptive title for the experiment.

•2 Abstract:
(what was accomplished)
A brief statement about the experiment, which summarizes major methods, results, and conclusion. Abstracts are written after the experiment is done.

•3 Procedure:
(what was done)
A brief list of steps needed to complete the goals of your experiment.  The procedure section should be written before you start the experiment.

•4 Observations:
(what happened)
Your record of measured data and observations.

•5 Results:
(what the results are)
A section where results are calculated and presented in tabular form.

•6 Analysis:
(what the results mean)
A section to discuss, draw conclusions, and analyze results and errors in your experiment.


You should treat these write-up sheets as your laboratory notebook for these experiments. All primary data should be recorded directly onto your write-up as you do the experiment.  Your experimental record should be complete enough to permit someone else to perform the same experiment in the same way. Please follow these rules when preparing your laboratory write-up.

•
Record all data directly in your notebook in pen.

•
To correct data draw a single line through the bad data and write in the corrected data

•
Use complete explicit headings to label sections of your data.

•
All numerical values should have appropriate units

•
Sign and date all sheets including any additions to the write-up such as computer output.

•
Record computer data file names clearly (experiment_name_run  .i.e. exp1_sfs_run1)

The following are examples of abstracts and procedures to help you in writing your laboratory reports.

Abstract TC  "Abstract" \l 1 
-


The primary objective of an abstract is to communicate to the reader the essence of the paper.   The reader will then be the judge of whether to read the full report or not.  If your report were to appear in the primary literature, the abstract would serve as a key source of indexing terms and key words to be used in information retrieval.  Author abstracts are often published verbatim in Chemical Abstracts.  Your abstract should, in the briefest terms possible describe: the topic, the scope, the principal findings, and the conclusions. It should be written last to reflect accurately the content of the report.  Your abstract should not exceed 200 words. 

A sample abstract for your first experiment follows.

Abstract


Linear regression was used to calibrate volumes dispensed by a Kimax buret.  The density of distilled water 0.998204 g/mL was used as a primary calibration standard.  Regression of the mass of water measured on an analytical balance versus the volume dispensed by the buret generated linear calibration curve:

mass(g) = [0.9978 ± .0002 (g/mL)] vol(mL) - [0.001  ± .001 (g)] 

The Kimax buret systematically overestimates the volume dispensed with the largest errors occurring in the range from 20 - 30 mL.  The calculated density of water [0.9978 ± .0002 (g/mL)] showed random instrumental errors and was significantly different from the literature value.

Procedure TC  "Procedure" \l 1 

A procedure outline is usually a simple checklist of the things that need to be done in order to complete the experiment.  They should be written before you start the experiment and annotated with changes and problems as the experiment is run.  The procedural information needs to include enough detail so that someone else could begin and complete the experiment.  For example, the purity (chemical grade: spectroscopic, reagent, or technical) of chemicals and the instrument used is essential information another scientist would need in order to repeat your experiment.  There is no need to duplicate procedural information that is contained in our manual or a literature reference.  A simple reference to the manual or literature pages is all that is needed.  Any changes to the manual or literature procedures needs to be explicitly described.

A sample procedure for your first experiment follows.

Goal: The objective of this experiment is to calibrate a buret using water as a primary standard and to assess the instrumental errors associated with volume measurements.

1. Rinse a 50 mL buret with deionized water.

2. Perform steps 2-5 on page 17 of experiment 1. Masses were measured using a Metler AE200 balance. See page 2 in the appendix.

3. Analyze data step 6 page 17. Excel spread sheet based on http://alta1.middlebury.edu/chemistry/class/general/ch103/excel was used.

4. Tabulate the excel results and answer the analysis questions on pages 25-27 of the experiment.

Quantitative Error Analysis TC  "Quantitative Error Analysis" \l 1 

Whenever we obtain numerical results we must answer the question: "How accurate is the result?"  Without an answer to this question the results are untrustworthy and may be next to useless.  Furthermore, scientific progress requires the communication of results to others.  In communicating results we need to maximize the amount of information and minimize the amount of misinformation.  This section deals with methods of evaluating the reliability of analytical data and how to communicate not only the results but also their uncertainty to others.


Quantitative error analysis not only provides for better communication but maybe its greatest utility is that it provides for the design of better experiments. It then is paramount that in every chemical measurement you measure both the value and estimate its error. In order to estimate errors the uncertain digit must be measured.  At some level all physical measurements have an uncertain digit. The uncertain digit is the digit that changes due to random errors when repeated measurements are made. On analog instruments like a graduate cylinder the uncertain digit is measured by estimating the measured value to 1/5 the smallest division.  For our 50 mL burets with .1 mL divisions this means reading to the nearest .02 mL.  On digital instruments like our analytical balances you may assume the smallest digit is the uncertain digit. When the uncertain digit is measured the methods of statistics can be used to evaluate errors in repeated measurements. Knowing which measurement error limits the accuracy of an experiment and the nature of the error, whether it is systematic or random, is the primary information used to improve the experimental design.

Measurement Errors: Every physical measurement is subject to error.  These errors fall into two general classes.

 •
Random errors due to instrumental uncertainties 

 •
Systematic errors due to experimental mistakes.

Random errors are uncertainties in the measurement that result in the scatter of measurements about an average.  For example, our analytical balances have a scatter of about ± 0.2 mg. Random errors can always be corrected by taking averages of many experimental measurements to get a more precise measure of the average. A systematic error is one that cannot be reduced or eliminated by any number of repetitions of a measurement because it is inherent in the method or interpretation of the data.  Systematic errors shift the position of an average but usually do not change the scatter.  For example, if a 100 mL pipet is calibrated incorrectly and actually holds 101 mL, then it will consistently deliver too large a volume.  If you were to use this pipet your recorded results would be systematically low.  Other examples of systematic errors are: faulty equipment, errors in method, improper reading of an instrument, personal errors in judgment, or personal calculation mistakes.  As experimentalist it is our goal to detect and eliminate systematic errors, to estimate the magnitude of random uncertainties, and to convey to other experimentalist the accuracy and precision of our measurements.  


Accuracy and Precision are commonly used terms to discuss the reliability of experimental data.

•
Accuracy is defined as "the difference between the measured value and true value".

•
Precision is a measure of how close repeated experimental values are to each other.

The accuracy of a result is an expression of the overall uncertainty including both random and systematic errors.  How close something is to the truth is hard to measure but in the absence of systematic errors the accuracy is related to the precision or reproducibility of groups of identical measurements.  For example, if you were to try to measure the position of a star as a function of the vertical (y) and horizontal (x) angle of a telescope the results might look like the following:

	Good accuracy and Good Precision
	Gaussian Curve with average equal to 0

and standard deviation equal to 1
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	Poor accuracy but Good Precision
	Gaussian Curve 

with average equal to 2

with standard deviation equal to 1
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When you look at a star, you know that there is a multitude of causes for error, stars after all twinkle.  So you take several readings, and hope, that the best estimate of the star's position is the average - the center of the scatter.  We can push this idea further by asking what the scatter of the measurements tell us.  In 1795 at the age of 18 a German mathematician Karl Friedrich Gauss asked this very question.  He devised the Gaussian curve or normal distribution in which the scatter is summarized by the standard deviation, or spread, of the curve.  The scatter marks an area of uncertainty.  We are not sure the star lies at the exact center.  All we can say is that the star lies in the area of uncertainty, and the size of that area is calculable from the observed scatter of the individual observations.  Gauss found that the best estimate of area of uncertainty was the standard deviation, which for n measurements is given by:

average   EQ \o(x,–)       =  EQ \f(1,n) \i\su(i,n, xi)      
 standard deviation   =  EQ \r(\f(1,n-1) \i\su(i,n,(xi - \o(x,–))2))      

The Gaussian curve has turned out to be a nearly universal description of the distribution of errors.  Student's grades on exams follow this bell shaped curve, as well as, the weight of each grain of wheat in a field of wheat or the repeated measurements of the weight of a single wheat. In the Gaussian curves depicted above note that most points fall within one standard deviation about the average.  For this reason one standard deviation of the average will be our area of uncertainty.  Note also that very few measurements exceed two standard deviations from the average.  It is very rare for random errors to cause deviations that are greater than two standard deviations.  When two averages are two standard deviations or more apart we can say they are significantly different.  In our example of two experiments to measure the star's position, the averages of 0 and 2 are significantly different because they are two standard deviations apart.


I would like to add one very important statement concerning the degree of uncertainty expected in average physical measurements, the square root of n law.  Gauss realized that the uncertainty of an average is less than the uncertainty of each individual measurement used to construct the average. He worked out the following formula for the standard deviation of the average.

av =  EQ \f(s,\r(n))  
The uncertainty of the average av , compared to the uncertainty of each data point  is reduced by the factor of the  EQ \r(n).  For example, if the average star's position is obtained using 4 measurements, than to decrease the precision by a factor of 2, an average using 16 measurements would be needed.  Random errors in an experiment can always be decreased by taking more data points and averaging but the process is time consuming because the improvement goes only as the square root of n.  The standard deviation of the average is such an important concept in the statistics of errors that it is often called the standard error.

The following represents three mass measurements made on a metal object:

	
	Mass
	Deviation
	Squared Deviation

	
	
	
	

	1.
	4.2567
	| 4.2567 - 4.2570 | = 0.0003
	0.00032 =   9 x 10-8

	2.
	4.2577
	| 4.2577 - 4.2570 | = 0.0007
	0.00072 = 49 x 10-8

	3.
	4.2566
	| 4.2566 - 4.2570 | = 0.0004
	0.00042 = 16 x 10-8

	
	
	
	

	
	Average value
	Average deviation
	Standard deviation

	
	12.7710/3=4.2570
	.0014/3 =.00047
	 EQ \r(\f(1,2) 74 x 10-8)       = .00061

	
	
	Standard error of the average
	

	
	
	 EQ \f(.00061,\r(3))     =.00035
	


The average deviation and the standard error of the average are very similar measures of the spread in this data.  The final result is reported as the average ± the standard error. 


 (Average ±  av )           

(4.2570 ± .0004) grams

In this example, the standard error is .0004 grams. Making the 0 in the average weight (4.2570) the uncertain digit, it could be bigger by 4 or smaller by 4.  Counting the uncertain digit there are 5 significant figures that contain valid experimental information.  We will see in the next section that the uncertain digit or the number of significant figures can be a useful way of estimating errors without going through a detailed statistical analysis needed to calculate the standard error.

Estimating Experimental Errors TC  "Estimating Experimental Errors" \l 1 

The best quantitative measure of experimental precision is derived from Gauss's statistical concept of a standard deviation of the average but very reasonable estimates of experimental precision can be made using the simplified arithmetic of significant figures and uncertain digits.  Significant figures represent an order-of-magnitude estimate of precision.  The following table, summarizing measurements of the speed of light
, illustrates several concepts about experimental error.  We can draw several important conclusions from this table.

	Year
	     speeda
      (m/s)
	Absolute Precisionb
(m/s)
	Uncertain
digits

(m/s)
	Absolute

Errorc
(m/s)
	Relative Precisiond
	Sig. Fig.
	Relative 

errore

	1883
	299,920,000
	±(29000)
	(10000)
	+(125000)
	9.7 x 10-5
	5
	+4.2 x 10-4

	1923
	299,791,000
	±(7500)
	(1000)
	-(1458)
	2.5 x 10-5
	6
	-4.9 x 10-6

	1950
	299,789,300
	±(300)
	(100)
	-(3158)
	1.   x 10-6
	7
	-1.   x 10-5

	1973
	299,792,458
	±(1.2)
	(1)
	(0)
	4.   x 10-9
	9
	0

	1978
	299,792,458.8
	±(.2)
	(0.1)
	+(0.8)
	7. x 10-10
	10
	+3.   x 10-9

	1986
	299,792,458

	(exact)
	(exact)
	(0)
	0
	(
	0


a.  EQ \o(x,–)
b. av
c.   EQ \o(x,–) - xtrue
d. av EQ \o(x,–)   
e.  ( EQ \o(x,–) - xtrue )/xtrue

First, the table indicates that there is a historical progression to scientific measurements.  Early experiments often bear little resemblance to the "truth" and it is only after the experiment is repeated do the results gradually approach the "truth".  New experimental results need to be compared to older measurements.  The culmination of this progression for these measurements was the international agreement to set the speed of light to a constant (299792458 m/s) in 1986.  The speed of light is now an exact counting number while the standard meter, defined as the distance light travels in (1/299792458) seconds, is an uncertain measured number.

Second, the table indicates that experimental errors or the area of uncertainty can be expressed in two different ways.  One way is as an absolute error (the average value minus the true value) or as a relative error (the absolute error divided by the true value). For example, the absolute and relative precision of the 1923 measurement are:



absolute: 
 2.99791 x 108 m/s  ± 7500 m/s.

relative:
(2.99791 x 108 ± .025 %) m/s 

Relative errors are usually scaled to be expressed as: percent (x100%), parts-per-thousand (x1000 ppt), parts-per-million (x1000000 ppm), or parts-per-billion (x1000000000 ppb). The 1973 measurement has a relative error of only 4 ppb!

Third, the table indicates that the sign of the errors, which indicate whether the result is high (+) or low (-) with respect to the true value, are important.  A careful study of the sign of the errors can often lead to the discovery of systematic errors.  Systematic errors will show trended signs while random errors should show random untrended signs (+ or -).  Note the relative errors show both positive and negative errors relative to the 1973 measurement.  These random errors about the 1973 value is one reason it was chosen to be the standard value for the speed of light in 1986.


Fourth, the table indicates that the concept of an uncertain digit and the number of significant figures provide a simple and accurate way of estimating the error.  Note how the uncertain digit parallels the absolute precision and how the number of significant figures is reflected in the power of ten used in the relative precision.  At best a scientist can only estimate the accuracy of the data based on standard samples, common sense, and the scientific literature.

• The simplest order-of-magnitude estimate of absolute precision is the uncertain digit.

• The simplest estimate of relative precision is ten raised to minus the number of significant figures. 

The uncertain digit is the least precise digit in an experimental measurement and the number of significant figures is the number of meaningful digits in a measured number.  For example, consider the 1923 measurement of 2.99791 x108 m/s. Without additional information the reader of a report should assume that the underlined uncertain digit has an uncertainty of ± 1, giving an absolute error of ±.00001x108m/s or 1000 m/s.  Also since 2.99791 x108 m/s has six significant figures an estimate of the relative error is 10-6.  These estimates are very close to the actual error of -1458 m/s and relative error of -4.9x10-6.


Finally,  it is important to note that the precision is not always a reliable indicator of accuracy. The 1950 measurement was more precise than the 1923 measurement but less accurate.



year


 true value


  •precision



1950   | 299,789,300 - 299,792,458 | =   3158
     >
2•100



1923   | 299,791,000 - 299,792,458 | =   1458
     <
2•1000

 When, as in the 1950 measurement, the difference between the experimental measurement and other literature values is larger than twice the experimental precision, the difference is said to be significant.  We would say that the 1950 valued is significantly different from the 1973 value, where as the 1923 value is not significantly different.  Significant differences are usually indicators of systematic errors.  The more precise 1950 measurement, which used microwaves to measure the speed of light, was later found to have systematic errors.


A statistician with the last name of Student came up with a systematic way of evaluating significant differences by defining a t value:

t =  eq \f(| experimental average - true value |, standard error) =  eq \f(| \o(x,–) - true value |, av)
t value

cut off



1950
t = 3158/100 
= 3.158

>   2



1923
t = 1458/1000
= 1.458

<   2

t values are a relative measure of the error, corresponding to the absolute error divided by the precision of the experiment.  When the experimental t value exceeds a cut off value, the differences are said to be significant.  We have been using 2 as our cut off value.  Student built tables of t cut off values.  They depend on the number of data points used to form the averages and the level of confidence you would like to have in saying the difference is significant.  A value of 2 corresponds to a confidence level of 95% for an average based on a large sample of data points.  We can be 95% confident that the difference is significant if the t value exceeds 2 because random errors would only cause this large a difference 5 % of the time.  Student's statistics gives us a way of justifying our use of 2 as a cut off value for determining when differences are statistically significant.


After reading this section you should be able to define the following statistical terms:

•
Random errors

•
Systematic errors

•
Accuracy

•
Precision

•
Absolute error

•
Relative error

•
Average

•
Standard deviation

•
Standard error

•
Uncertain digit

•
Number of significant figures

•
Significant difference

•
Student's t value

Significant Figures and Uncertain digits TC  "Significant Figures and Uncertain digits" \l 1 
Definition:  
the proper number of significant figures to report
is all digits known to be correct plus the first
estimated or uncertain digit (usually this is just = common sense).

In order to obtain experimental information about the uncertainty of you should always endeavor to record the uncertain digit.

•
On instruments with analog scales read the scale to the nearest 1/5 of the smallest division.

•
On instruments with digital scales, this interpolation process is done automatically and you may assume that the last digit is the uncertain digit. 

•
On statistical results from computer analysis use one standard deviation of the average as the absolute error to determine the uncertain digit. 

For example:
On a buret with 0.1 mL divisions you should record volumes to the nearest 0.02 mL.
Our digital analytical balance can read to .0001 grams and can measure up to 160 grams, so this instrument is capable of 7 significant figures.

 A regression analysis giving a slope of .99678 with a standard error of ±.0025 would mean the third decimal would be uncertain or .997 .

SIMPLE CONVENTIONS FOR RECOGNIZING AND DEALING WITH SIGNIFICANT FIGURES

1.
Leading zeroes are never significant - in other words, zeroes used only to place the decimal point are never significant. 

0. 00682 = 3 significant figures

0. 1 = 1 significant figure

2.
Embedded zeroes are always significant. 

1. 072 = 4 significant figures

3.
Trailing zeros are ambiguous.  Our class convention will be that they are significant only if the decimal point is shown.  This is not a universal convention.   To avoid ambiguity it is always preferable to use scientific notation.

5400 = 2 significant figures

5400.  = 4 significant figures
5400.0 = 5 significant figures
1.00 x105 = 3 significant figures


Arithmetic with Significant Figures

1.
Addition and subtraction is dominated by the absolute error :
 
the last digit retained in the sum or difference is determined by the largest doubtful or uncertain digit. 

	2. 3162
	
	
	
	

	0. 212
	
	
	2. 3165
	

	 + 14. 10
	
	
	- 2. 315
	

	16. 6282   = 
	16. 63
	
	0. 0015   = 
	0. 002 only 1 significant figure! 



note:  in subtracting two numbers of similar magnitude considerable precision can be lost!  Experiments should be designed to avoid having to subtract measurements of similar magnitude!  Most student errors with significant figures occur in addition and subtraction! 

2.
Multiplication and division is dominated by the relative error:

the number of significant figures in the answer is determined by the smallest number of significant figures in the factors multiplied or divided.


210. 4 x 111 = 23354. 4 = 2. 34 x 104

210. 4 / 111 = 1. 8954955 = 1. 90

3.
Mixed multiplication and addition



The result is obtained by stepwise application of the above two rules and then rounding at  the end.


(9. 01)2 / (2. 3165 - 2. 315) =(81.1801/0.0015) = 54120.067 = 5 x 104


In order to avoid numerical round off errors you should carry at least one extra significant figure along in all of your intermediate calculations and constants.
4.
Rounding off: 

23. x where x = 0 to 4 == 23






23. x where x = 5 to 9 == 24

5. 
Always use fundamental constants that are as accurate as your data, so that your final results depend on your experimental data not on the accuracy of the constant.  For example, in the conversion of mass to moles you would not want to use 12.0 g/mole if you weighed 1.2024 g of carbon!

moles(C) =  EQ \f(1.2064 g, 12.0 g/mole)       = 0.10052 = 0.101 mole  only 3 significant figures 

To correctly reflect the five significant figures of our measurement

moles(C) =  EQ \f(1.2064 g, 12.0107 g/mole)       = 0.100444 = 0.10044 mole 5! significant figures

As an application of these rules let's look at a student measurement for the density of a lead cylinder.  For this example it will be assumed that the absolute error is give by one unit in the uncertain digit and the relative error is given by the number of significant figures.

	Data
	volume in a graduated cylinder with rod:
	6.15 ±  0.01 mL

	
	volume  in a graduated cylinder without rod:
	5.20 ±  0.01 mL

	
	mass of rod:
	9.2058 ±  0.0001 g

	
	5 sig figs gives a relative error in mass
	10-5 or 10 ppm

	
	
	

	Volume displaced,
	6.15 mL - 5.20 mL =
	0.95 ±  0.01 mL

	
	2 sig figs gives a relative error in volume
	10-2 or 1 %

	
	
	

	Density
	9.2058 g/0.95 mL =
	9.7 ± 0.1 g/mL

	
	2 sig figs gives a relative error in density
	10-2 or 1 %



These results give the density of lead to be 9.7  ± 0.1 g/mL, with the relative error in the volume measurement overwhelming the mass measurement. Which measurement needs improvement in order to minimize the uncertainty in the density?  What affect on the experimental precision would using a larger volume of lead have? The literature value for the density of lead is 11.343 g/mL.  There is a significant difference between the literature value and the student value because the difference between these values is larger than two units of measured uncertainty (11.343 - 9.7 >  2•0.1) or the t value is much greater than 2 (t=(11.343 - 9.7)/0.10 = 16). This significant difference is an indication of a systematic error in the experiment, which needs explanation.  Further experimentation revealed that the sample of lead was an alloy.


In summary, the simplest expression of the experimental precision is the number of significant figures used to represent the measurement result.  The number of significant figures are useful guides for: designing better experimental methods, conveying information about uncertainty to fellow experimentalist, and drawing justified conclusions about experimental significance.


Significant figures is a simple and useful concept but one that students consistently make mistakes.  Remember that the rules for addition and subtraction are different from the rules for multiplication and division.  Remember that addition may increase the number of significant figures and subtraction many decrease the number of significant figures.  Remember to carry one extra significant figure along in all constants and intermediate calculations.  After reading this section you should be able to do the following:

•
determine the uncertain digit and the number of significant figures

•
propagate errors through arithmetic operations to a final result

•
state why the result of (5.9875 - 5.986)/(5.9875 + 5.986) should only be expressed to 1 significant figure

•
determine if there is a significant differences

Regression Analysis  TC  "Regression Analysis " \l 1 

Many analytical methods in chemistry require linear correlation between measurements on standards and the known amount of analyte in these standards.  For example, the color of a solution as measured by its adsorbance and the concentration of the colored solute in a solution. 
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Linear lines are characterized by a slope (a) which tells how steep the line is, and an intercept (b) which tells the value of Y when x is zero.  Because of random measurement errors, experimental data will seldom fall exactly on a line given by the equation Y = a x + b.  The question we would like to answer is, what is the best slope and intercept to describe our linearly correlated but imprecise experimental data?


When it is important to make the best possible use of the data, the fitting must be done numerically.  The computational method most commonly used is the method of least squares.  The best linear line is the one that is a minimum distance from all of the data points.  That is the line which minimizes the squared difference (Y - yi)2 between the observed data points yi and the calculated data points Y = a xi + b.  Such a line is called a linear least squares line or linear regression line.


The method of least squares is built into many computer programs for analyzing data.  We will be using Excel to analyze our data this semester.  Under the Tools/Data Analysis/Regression menu of Excel is a program to calculate the least squares slope and intercept associated with two columns of data.  Indeed with the linear least squares method built into so many graphics programs it has become easy to misuse the technique.  Not all experimental data is linearly correlated.  One should always check their experimental data points to see that they are indeed linear. The following results come from an Excel regression analysis of data from a buret that dispensed 1 mL of water in 0.1 mL increments where x is the measured volume and y the calculated volume based on mass measurements.  This data can be used to show three ways to check linearity: residual plots, standard errors of the fit, and correlation coefficients.

	x values
	y values
	Predicted Y
	Residuals
	
	SUMMARY
	 OUTPUT

	0
	0
	0.019
	-0.019
	
	
	

	0.1
	0.1
	0.116
	-0.016
	
	Regression Statistics

	0.2
	0.23
	0.214
	0.016
	
	Multiple R
	0.997294624

	0.3
	0.31
	0.311
	-0.001
	
	Standard Error
	0.025065571

	0.4
	0.4
	0.408
	-0.008
	
	Observations
	11

	0.5
	0.53
	0.505
	0.025
	
	
	

	0.6
	0.63
	0.603
	0.027
	
	Coefficients
	Standard Error

	0.7
	0.7
	0.700
	0.000
	Intercept
	0.019090909
	0.014138889

	0.8
	0.8
	0.797
	0.003
	X Variable 1
	0.972727273
	0.023899084

	0.9
	0.92
	0.895
	0.025
	
	
	

	1
	0.94
	0.992
	-0.052
	
	
	


One of the best ways to check linearity is to plot the residuals (yi - Y ) versus xi to see that they are not trended in any fashion but random in nature with a Gaussian distribution about zero.  A Gaussian distribution would be symmetric about zero and have more small residuals than large ones.  Further more residuals that are larger than 2 times the standard error of the fit are probably due to bad data points.

	Regression line Y = 0.973 x + .019
	Residuals  yi - Yi
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In this case the residuals are trended with more small positive values balanced by a few large negative values.  The last data point has a residual that is larger than two times the standard error of the fit and is responsible for skewing the fit.  The proper way to proceed would be to experimentally redo this bad data point.  If this is not possible, dropping the data points that have residuals greater than 2 standard deviations of the fit is statistically justified and gives:

	Regression Statistics
	
	Coefficients
	Standard Error

	Multiple R
	0.998976321
	Intercept
	0.008727273
	0.008609048

	Standard Error
	0.01464737
	X Variable 1
	1.007272727
	0.016126224

	Observations
	10
	
	
	


The standard errors are another way to check the linearity of the data.  Note that since we dropped the bad data point the equation for the line is significantly different and the standard errors of both the fit and the fit coefficients have decreased.  The Standard Error of the fit represents the average overall uncertainty of the fit.  When random errors dominate the precision we would expect that the Standard Error of the fit (0.0146) would be about the standard error of the individual data points.  Since, we were reading the buret to 0.02 mL the standard error of the fit is consistent with the experimental data.  The Standard Errors of the fit coefficients give the uncertainty in the coefficients of the line.  The slope has an uncertainty of .016 and the intercept an uncertainty of .0086, so our slope is only good to three significant figures and the intercept is good to one significant figure.   The relative precision of the slopes are always more precisely determined than intercepts.

Y = (1.01 ± .01) x  + (.009 ± .009)

Finally, a  statistical measure of the linearity is the correlation coefficient (R).  The correlation coefficient varies from 0 for data points on a circle to 1 when the data is perfectly linear correlated.
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Normally you would like a correlation coefficient greater than 0.97.  Both of the above fits (0.9973 and 0.9990) are therefore quite linear.  But as seen by the small change in refitting the data,, the correlation coefficient is a fairly insensitive measure of the degree of linearity. For this reason it is usually better to look at residuals to find problems in fitting the data.


After reading this section you should be able to define the following statistical terms:

•
Linear regression

•
Correlation coefficient

•
Residual

•
Standard Error of the fit

•
Standard Error of the fit coefficients


In this chapter we have introduced you to a number of statistical concepts.  Don’t be overwhelmed.  You will have plenty of time to practice and learn the concepts of statistical error analysis as you proceed through the experiments this semester.  As you work though these experiments use this chapter as a reference chapter for your error analysis.  

By far the most important error analysis method for a chemist is the simplest one, the method of significant figures.  Complicated statistical equations are usually not needed to evaluate chemical experiments; just careful attention to the significant figures is sufficient to estimate errors in most chemical experiments. Your first experiment is primarily intended to give you practice at using the method of significant figures to evaluate experimental results and design.

�	"Science and Human Values", J. Bronowski, 1965, 32.


�	Science 1983, 219:913


�	CODATA Bulletin 1986, 63:21
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