Classical Vibrations

Equations of motion are differential equation whose solutions describe the motion of an object.  Newton's law: The force acting on an object is equal to the mass of the object times its acceleration, is an example of a classical equation of motion.

F = m a       or         EQ \f(d2x,dt2)  =  EQ \f(F,m)   or   EQ \o(x,¨)  =  EQ \f(F,m) 
If F is known, this equation ultimately describes everything about the object's position and motion.  Solution of the equation of motion gives the trajectory or position of the object as a function of time, x(t).  For example, consider the vibration of two masses attached by a spring that obeys Hook's law, F = k x.
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	x1 position of mass 1

x2 position of mass 2

x0 constant equilibrium spring length

x  the displacement of the spring

dx = d(x1-x2)  change in displacement

F1 = force on mass 1

F2 = force on mass 2

k  spring constant (N/m or J/m2)


Applying Newton's law gives two equations of motion for each mass

F1 = m1 a1    or   -k x = m1  EQ \f(d2x1,dt2) 
F2 = m2 a2    or    k x = m2  EQ \f(d2x2,dt2) 
To investigate the relative motion we can multiply the first equation by m2 and the second equation by m1 and then subtract the equations to give.

m2 m1   EQ \f(d2x1,dt2)   – m1 m2   EQ \f(d2x2,dt2)  = -m2 k x -m1 k x = -( m1 + m2) k x
or

 EQ \f(m1m2, m1+m2)  \f(d2x,dt2)  = - k x      or         µ   EQ \f(d2x,dt2)  = - k x        or         EQ \f(d2x,dt2)  = -  EQ \f(k,µ)   x

This is a simple equation of motion for the relative displacement of the masses in terms of the force constant ( how stiff the spring is) and the reduced mass µ (effective vibrational mass).  We can show by inspection that a cosine or sine function would give the trajectory of this system.

x(t) = A cos(ot)

 EQ \f(dx,dt)  = -o A sin(ot) 

 EQ \f(d2x,dt2)  = -o2 A cos(ot) = -o2 x(t) =  EQ \f(k,µ) x(t)

where  o2 =   EQ \f(k,µ)  or   o =  EQ \r(\f(k,µ))  (radians/sec)  or o =  EQ \f(1,2π) \r(\f(k,µ))  (cycles/sec) 
The characteristic or fundamental vibration frequency o is directly proportional to the square root of the force constant and inversely proportional to the square root of the reduced mass.
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