Uncertainty and Angular Momentum
•
Uncertainty Principle

Conjugate variables like (x,p) and (E,t)  are associated with operators that do not commute. Operators that do not commute have no common set of eigen functions and can not be simultaneously measured.

Hence (p,x) and (E,t) can not be simultaneously measured and must be constrained to the tolerance of a quantum. 

∆p ∆x ≥  EQ \f(\o(h,/),2)    and  ∆E ∆t ≥  EQ \f(\o(h,/),2)   
•
Commutators


definition   
[A,B] = AB - BA



when
[A,B] f(x) = 0 f(x)     operators A & B commute


[A,B] f(x) ≠ 0 f(x)     operators A & B do not commute


•
Uncertainty operator
∆A ∆B ≥  EQ \f(1,2)  | <| [A,B] |> |
•
Angular Momentum   
 
L = r ( p
Lx = y Pz – z Py = –i  EQ \o(h,∕ )\b(y \f(∂ ,∂z) - z \f(∂ ,∂y)) 
Ly = z Pz – x Pz = –i  EQ \o(h,∕ )\b(z \f(∂ ,∂x) - x \f(∂ ,∂z)) 
Lz = x Py – y Px = –i  EQ \o(h,∕ )\b(x \f(∂ ,∂y) - y \f(∂ ,∂x)) 
L2 = Lx2  + Ly2  + Lz2 
	


	[L2,Lx] = [L2,Ly] = [L2,Lz] = 0

[Lx,Ly] = i  EQ \o(h,/)  Lz

[Ly,Lz] = i  EQ \o(h,/)  Lx

[Lz,Lx] = i  EQ \o(h,/)  Ly

The magnitude and only one component may be specified simultaneously.  L2 and Lz in spherical coordinates are:
Lz = - i  EQ \o(h,/) \f(∂ ,∂f)   
L2 = – EQ \o(h,/) 2  EQ \b(\f(∂2,∂q2) + \f(cosq,sinq) \f(∂,∂q)  + \f(1,sin2q) \f(∂2,∂f2)) 


•
Angular eigenfunction

	


	In spherical coordinates L2 is separable into a term in
 and a term in  so the wavefunction is a product

Ylm(,) =  lm()m()            spherical harmonic

L2 Ylm(,) = l(l+1)  EQ \o(h,/) 2 Ylm(,)    l=0,1,2,3, ....
Lz Ylm(,) = m  EQ \o(h,/)  Ylm(,)            m=0,±1,±2....±l
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